For a molecule, the two-center interference and the molecular scattering phase of the electron are important for almost all the processes that may occur in a laser field. In this study, we investigate their effects in the transfer of linear photon momentum to the ionized electron by absorbing a single photon. The time-dependent Schrödinger equation of H + 2 is numerically solved in the multipolar gauge in which the electric quadrupole term and the magnetic dipole term are explicitly expressed. This allows us to separate the contributions of the two terms in the momentum transfer. For different configurations of the molecular and the laser orientation, the transferred momentum to the electron is evaluated at different internuclear distances with various photon energies and two-center interferences are identified in the whole region. At small electron energies and small internuclear distances, we find significant deviations from the prediction of the classical double-slit model due to the strong mediation of the Coulomb potential. Finally, even for a large internuclear distance, our results show that a varying molecular scattering phase is important at all electron energies, which is beyond the simple prediction of the linear combination of the atomical orbitals.
I. INTRODUCTION
The dipole approximation is widely used while dealing with interaction between lasers and atoms or molecules in the non-relativistic region. However, it is invalid when the laser wavelength is comparable with the size of atoms [1] [2] [3] [4] , or when the laser intensity is increased to such an extent that the magnetic component of the Lorentz force can no longer be neglected [5, 6] . Due to the progress of the experimental technologies and methodologies, the nondipole effects in atoms ionized by the infrared and mid-infrared lasers have been observed recently [7, 8] . For a long time, the nondipole effects in photoelectron angular distributions from atoms and molecules have been investigated theoretically [9] [10] [11] [12] [13] [14] [15] and experimentally [16] [17] [18] . By integrating over those asymmetric electron distributions, one can get a net momentum of photoelectron along the direction of the laser propagation [1, 7, 8] , which comes from the linear photon momentum partition between the photoelectron and the residual ion.
In order to study the nondipole effect theoretically, different methods can be adopted, such as a numerical solution to the time-dependent Schrödinger equation (TDSE) beyond the dipole approximation [19] [20] [21] [22] , or directly to the Dirac equation [23] . In the tunnelling regime, one can also turn to the adapted strong field approximation [3, [24] [25] [26] [27] [28] [29] and the modified classical trajectory Monte Carlo method [8, 30, 31] . In the high frequency regime, the nondipole effect can also be considered by the perturbation theory [1, 3, 9, 10] or in the Kramers-Henneberger frame [32, 33] . * Email: liangyou.peng@pku.edu.cn
The photon momentum transfer is one of the most important nondipole effects, which is directly related to the radiation pressure of light. However, most of previous work focused on the momentum transfer in atomic systems. Very recently, based on an independent atom approximation, Lao et al. [34] used the time-dependent perturbation theory to investigate the interference effect in diatomic molecules to the momentum transfer by absorbing one photon. For laser sources with wavelengths in the infrared regime, Chelkowski and Bandrauk [35] studied the two-center effects and the dependence of ellipticity of the laser pulse, by solving TDSE in the Cartesian coordinates with a soft-core Coulomb potential.
For diatomic molecules, the two-center nature can lead to interferences in all the electron-related phenomena. With a high-energy photon incident, the ionization rate of the electron shows an oscillation behavior with the variation of the photon energy [36, 37] and a double-slit like interference pattern in the photoelectron momentum spectrum can be seen [38] [39] [40] [41] [42] [43] . When the laser frequency is decreased and the intensity is increased, the interference effect still exists in the multiphoton region [44] and even in tunneling region [45] [46] [47] . It is possible to use such interferences to measure the internuclear distance [48, 49] . Resonances due to the two-center interference were also shown to be present in the EisenbudWigner-Smith time delay of molecules [50] .
In the present work, we present the first ab initio study of the photon-momentum transfer in the simplest benchmark system of H + 2 . The corresponding 3-dimensional molecular TDSE beyond the dipole approximation is exactly solved in the prolate spheroidal coordinates. For various orientations of the molecular axis and the laser polarization, the momentum transfer to the electron is examined at different internuclear distances with various photon energies and two-center interference patterns are clearly observed. Different from previous studies, our results demonstrate that a varying molecular scattering phase is important at all electron energies, which is beyond the simple description of the linear combination of the atomical orbital. In addition, the present formulation of the interaction Hamiltonian is able to show that the contribution of the electric quadrupole term is dominant for all the cases considered in this work. Atomic units (a.u.) are used throughout this paper unless otherwise stated.
II. THEORETICAL METHODS
In this section, we briefly describe our numerical methods. In particular, an appropriate gauge form to describe the laser-matter interaction is very important for the numerical convergence [51] and to the physical interpretation [52] . This is also true when the nondipole terms are to be included in the Hamiltonian. In this work, we adopt such a gauge that the electric quadrupole term and the magnetic dipole term is separate and explicitly expressed. The resultant TDSE is solved at the fixed nuclear approximation in the prolate spheroidal coordinates using similar methods to those previously used for the dipole case [53] [54] [55] .
One may wonder whether the momentum conservation between the laser field and the molecular system is violated under the fixed nuclear approximation. In fact, it has been shown for the atomic case that [3] , the fixed nuclear approximation is accurate with a relative error up to O( me mp ) for the photoelectron momentum distribution (PMD). According to the momentum conservation, the linear momentum gained by the ion can be evaluated by the difference between the photon momentum and the linear momentum of the electron along the laser propagation.
A. Choice of the Gauge
In the radiation gauge, the time-dependent Hamiltonian of the electron interacting with a laser field is given by
where A is the vector potential of the laser field and V 0 (r) is the interaction potential between the electron and the nuclei. Within the plane wave approximation of the laser field, one can write the spatial and temporal distribution of the vector potential as
in which τ = t − αk · r is the retarded time withk being the unit vector of the laser propagation direction and α being the fine-structure constant equal to the reciprocal of the speed of light in atomic units. The vector potential can be expanded in terms of α as
where A 0 (t), E 0 (t) respectively represents the vector potential and electric field at r = 0. Inserting Eq. (3) back into Eq. (1), we can get the Hamiltonian:
In principle, the Schrödinger equation is accurate up to O(α), therefore, there is no need to consider higher-order terms in the expansion (3). The Hamiltonian (4) is widely used when one considers the nondipole effect in the ionization dynamics [1, [19] [20] [21] [22] 28] . In the literature, there are many other choices of gauge [33, 56, 57] , though it is hard to relate a physical meaning to each of those nondipole terms. Here, we consider another gauge form. Under a gauge transformation
where Λ is an arbitrary real function of the space and time, the Hamiltonian is correspondingly transformed to
If one chooses Λ = 1 0 A(ηr, t) · r dη, i.e. the PowersZienau-Wolley gauge transformation [58, 59] , and applies it to Eq. (1), after some simple derivations, one can get a new Hamiltonian
in which L = r × p is the angular momentum operator. This is so called multipolar gauge. In this formulation, it is clear that one can separate the terms of the electric dipole, the electric quadrupole, and the magnetic dipole. As will be seen later, it is convenient to investigate separately how the inhomogeneity of electric field and magnetic field will affect the the electron dynamics.
For the single-photon ionization process with a photon energy ω, some exploitations of symmetry can be made by the lowest-order perturbation theory (LOPT) before solving the TDSE. It is easy to show that the photoelectron momentum distribution is given by
where |q and |i respectively represents a continuum state with a momentum q and the initial bound state, andẼ 0 is the complex amplitude of the electric field. Then the average momentum of the photoelectron can be evaluated as
where σ 1 = P (q) d 3 q is the total one-photon ionization cross section. For a system with a space inversion symmetry, only the overlapping terms between the dipole term and the nondipole terms in the numerator survive under the integration, therefore
in which the contribution from electric quadrapole and magnetic dipole terms can be simply added together. For the electron with an energy E ionized from 1s state of hydrogen-like atoms, it has been shown that q E4 = 1.6αEk [3] . However, one has q M2 = 0 due to zero angular momentum component along the direction of the magnetic fieldk×E. In this case the electron gains a momentum from the inhomogeneous electric field instead of the magnetic field. Things would be much more complex for other systems. The average momentum of the ionized electron is not necessarily collinear with the photon momentum, since the interaction between the electron and the residual ions can be anisotropic.
B. Computational Details
After choosing the multipolar gauge, we numerically solve the TDSE with the Hamiltonian given by Eq. (7) for H + 2 with a fixed-nuclear approximation in the prolate spheroidal coordinates(ξ, η, φ):
where r i (i = 1, 2) is the distance between the electron and the i-th nucleus, R is the internuclear distance, and φ is the azimuthal angle around the molecular axis. In the Cartesian coordinates of the molecular frame, we assume that the molecular axis is collinear with z-axis. The time dependent wavefunction is expanded in a production basis of the finite element discrete variable representation (FE-DVR) [60] and the spherical harmonics Y 
where the multiplication factor (ξ − 1)/(ξ + 1) is used to remove the singularity near the nuclei [53, 54] and χ I (ξ) is the FE-DVR basis function. For a full convergence, the angular basis is typically taken to be l max = 60 and m max = 2 in the present calculations.
To evaluate the magnetic dipole term in Eq. (7), one has to express the angular momentum operator in the prolate spheroidal coordinates. The z-component is straightforward, i.e.,
To compute the x, y components, we introduce the ladder operators for simplicity
Once one gets the final-state wavefunction at the end of the laser pulse, the PMD is obtained by projecting it onto the molecular scattering states. The details of numerical methods can be found in our previous work [55, 61, 62] .
III. RESULTS AND DISCUSSIONS
In this section, we will present our main results about the photon momentum transfer in the simplest diatomic molecule H + 2 . As there involves three important physical vectors, i.e., the molecular axisR, the laser wavevector k, and the laser polarization directionÊ, thus there will be various configurations of the laser-molecule interacting system. Without loss of generality, we only consider three typical configurations: (1)k R , labeled by the xz configuration; (2)Ê R , labeled by the zx configuration; (3)k⊥R andÊ⊥R, labeled by the yx configuration.
For all the following calculations, we use a 20-cycle laser pulse with a Gaussian envelope at a relative weak intensity I = 5 × 10 12 W cm −2 . The average momentum q of the ionized electron is evaluated at different internuclear distances with a tunable laser frequency ω. We choose its component along the laser propagation directionk for analysis:
Although those momenta are indeed parallel to laser propagation direction in these three configurations, the momentum transfer for the one-photon case in other configurations can be evaluated by a linear combination of these three configurations according to Eq. (10). Let us first look at the cases where R = R e = 2 a.u. with the initial state 1sσ g for all the three configurations defined above. For a fixed photon energy of ω = 2 a.u., the 2-dimensional PMD is respectively shown in Figs. 1(a)-(c) for the three cases, in which electrons are all ejected mainly along the laser polarization axis. In fact, the ionization probability has a tiny preference in the direction of the laser propagation direction, which is invisible to the naked eye. In order to quantify this preference, by integrating over the PMD, one can extract the average momentum q , whose component q k along the laser propagation can be evaluated. One can calculate q k as a function of the energy of the electron ionized by a photon with a various energy ω. It will be instructive to compare the q k (E) for all the three configurations against that of the atomic case, which are shown in Fig. 1(d) .
From Fig. 1(d) , we can see that the results for all the three configurations are oscillating around that of the atomic case q a = 1.6αE [3] . Apparently, the oscillation is mainly due to the two-center interference effect of the molecule, which has been discussed recently using an independent atom model [34] . Approximately, there will be a phase difference of qR cos θ e between photoelectrons with a momentum q ionized from the two different nuclei, where θ e is the angle between the photoelectron momentum and molecular axis. This is the reason why the amplitude for the zx configuration (Ê R ) is the largest, as | cos θ| ≈ 1 for most of electrons.
To investigate the oscillatory phenomenon in details, we introduce a ratio F to describe the difference between the results of the molecule and the atom,
For the case of the zx configuration, we plot in Fig. 2 the ratio F as a function of the internuclear distance R and the electron energy E in the double logarithm scale. Clear stripes with a slope approximate to −1/2 can be observed. This means that the electrons emitted from different nuclei interfere with a constructive or a destructive phase, i.e.,
However, it is important to note that the stripes are bending away from the simple prediction in the range of small internuclear distances or small electron energies, where the Coulomb potential is inevitable to change the emission path and phase of the electrons. Actually, even in the rest of regions of large R and E, the scattering phase of the long-range Coulomb potential also plays its important role. To demonstrate this, we show our ab initio results of F for both 1sσ g and 2pσ u at R = 10 a.u. in Fig. 3 . Interestingly, an exact π phase difference between the two results is observed, which comes from the phase difference between the two initial states since, in the limit of a large R, these two states can be expressed as
where |1 and |2 represent the 1s state of hydrogen atom for the 1st and 2nd nucleus respectively. What is also shown in Fig. 3 is the prediction of the independent atom model [34] for the 1sσ g . For the independent atom approximation, the final PMD is simply with internuclear distance R = 10 a.u., calculated by TDSE. The prediction by the independent atom model for 1sσg (blue dot-dashed line) is also shown, together with a horizontal line with F = 1 to guide one's eyes.
obtained by coherently adding PMDs from two hydrogen atoms with a phase factor e iqR cos θe . By comparing results from the TDSE and the independent atom model, one can observe a phase difference varying from π to π/2 as the electron energy is increased. This means that molecular scattering phase is important at all electron energies, which is beyond the simple prediction of the linear combination of the atomical orbital. In fact, a similar phase difference can also be observed in the dipole ionization rate [38] and in the photoelectron angular distribution [42, 43] . It can be qualitatively explained as the scattering phase for the electron that is ionized from the back nucleus and subsequently scattered by the forward nucleus [44] . Now, we can take advantage of the present formulation for the interaction Hamiltonian to examine the different contributions to the linear momentum transfer by the electric quadrupole term and the magnetic dipole term. According to Eq. (10), the average momentum shift q k of the photoelectron equals to the sum of electric quadrupole (E4) contribution and the magnetic dipole (M2) contribution. By turning off one of these two terms in the Hamiltonian, we can evaluate q k separately by solving the corresponding TDSE. In Figs. 4(a)-(c) , for the 1sσ g , we plot the ratio between the contribution of M2 and E4 to the average momentum shift at different R and various electron energies. For all the three configurations, the electric quadrupole term contributes to the average momentum shift dominantly, while the magnetic dipole term only contributes to the oscillation amplitude about 20%. It should be noted that for the yx configuration where the magnetic field is parallel to the molecular axis, the magnetic field does not contribute at all since the angular momentum along the z axis of the σ state is zero.
Finally, let us turn to the practical issues that may be faced for an experimental observation. Nowadays, the free-electron lasers (FEL) [63] can provide the coherent xuv sources with durations under a few femtoseconds. The photon ionization process of the electron, is usually much faster than the vibration period of the ground vibrational state of H + 2 . For all the cases considered in the present work, we use 20-cycle xuv pulses with various photon energies. It is easy to estimate that the pulse duration varies from 0.2 fs to 1.6 fs, which is at most 1/10 of the vibration period of the ground state H + 2 . Thus, it is reasonable to assume a vertical Franck-Condon transition, in which case the two nuclei are almost fixed during the ionization process of the electron.
Nevertheless, it will be instructive to approximately account for the influence of the ground vibrational state to the oscillation feature of the transferred linear momentum of the electron, by averaging over a Gaussian-like vibrational wave function. To be specific, for various ω, one can evaluate
where W (R) is the probability density according to the Gaussian nuclear wave function around R e = 2 a.u. and σ(R, ω) is the total single-photon ionization cross section at R for a photon energy ω. After taking the quantum nature of the ground vibrational state, we find that the oscillation feature of the electron momentum along the laser propagation is still clearly present, with only very small changes in the oscillatory amplitude and in the crossing points with the curve for the atomic case.
For the interferences at large R other than R e , it is also feasible to be measured by a pump-probe scheme. A ultraviolet pulse can be used to pump the electron from the 1sσ g state onto the dissociative 2pσ u state, which be subsequently ionized after some delay by a probe pulse at larger R. As shown by Fig. 3 , the oscillation of the linear momentum of electron ionized from 2pσ u will be out of phase with that from 1sσ g state.
In practice, one can measure the differential momentum distributions using the apparatus such as the cold target recoil ion momentum (COLTRIM) [64] spectroscopy or the velocity map imaging (VMI) [65] , from which the linear momentum transfer can be extracted from the electron momentum distribution along the laser polarization. To observe the interference structure, one needs to sweep the photon energy, which can be easily achieved in synchrotron light sources or FEL. We thus expect that our theoretical observations can be potentially observed with current experimental techniques.
IV. CONCLUSION
In summary, by using a gauge form in which the electric quadrupole term and the magnetic dipole term can be treated separately, we carried out an ab initio study on the linear photon momentum transfer in the simplest diatomic molecule H + 2 in the single photon ionization process. The present theoretical methods can be extended to investigate the nondipole effects in the multiphoton and tunneling regime. Different from the atomic case, the transferred momentum to the electron shows an oscillatory structure as a function of the internuclear distance and the electron energy, originating from the two-center interference of the diatomic molecule. From our exact results, we demonstrate significant deviations from the prediction of the classical double-slit model due to the strong mediation of the Coulomb potential. Even for a large internuclear distance, our results show that the molecular scattering phase is crucial at all electron energies, which is beyond the simple prediction of the linear combination of the atomical orbitals. Finally, the present formulation of the nondipole correction to the Hamiltonian allows us to identify the dominant contribution by the electric quadrupole term to the linear photon momentum transfer for the molecule. We point out that, with the currently available technologies, the present theoretical predictions may be confirmed experimentally in the near future.
